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1 Introduction 

We consider the differential-difference operators Tj,j = 1,2,- • on R'' in- 
troduced by C.F. Dunkl in [5]. These operators are very important in pure 
mathematics and in Physics. They provide a useful tool in the study of special 
functions with root systems [6,9,4]. Moreover the commutative algebra gener- 
ated by these operators has been used in the study of certain exactly solvable 
models of quantum mechanics, namely the Calogero-Sutherland-Moser models, 
which deal with systems of identical particles in a one dimensional space (see 
[10,15,16]). 

C.F. Dunkl has proved in [7] that there exists a unique isomorphism Vk from 
the space of homogeneous polynomials Vn on M'' of degree n onto itself satisfying 
the transmutation relations 

7;^fc=H^, j = l,2,...,d, (1.1) 

and 

Vk{l) = 1. (1.2) 
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This operator is called Dunkl intertwining operator. It has been extended to an 
isomorphism from f (R'^) (the space of C°°-functions on R'') onto itself satisfying 
the relations (1.1) and (1.2) (see[23]). 

The operator Vk possesses the integral representation 

Varem^ Vk{f){x)= [ f{y)dfi,{y), f e S{m'^), (1.3) 

where /t^ is a probability measure on IR'' with support in the closed ball 5(0, ||a;|| ) 
of center and radius ||a;|| (sec [19, 23]). 

We have shown in [23] that for each x gW^, there exists a unique distribution 
r]x in 8'{M.'^) (the space of distributions on M'' of compact support) with support 
in B(0, ||a;||) such that 

V^-\f){x) = {ri,J),fG£{R''). 

We have studied also in [23] the transposed operator *Vfe of the operator Vk- 
It has the integral representation 

VyGM^ V,(/)(2/)= / f{x)d,^y{x). (1.4) 

where jjy is a positive measure on K'' with support in the set {x € K''/ ||a;|| > 
and / in 'D{R'^) (the space of C°° -functions on R'' with compact support). 
This operator is called Dual Dunkl intertwining operator. 

We have proved in [23] that the operator *Vfc is an isomorphism from 'D{W^) 
onto itself, satisfying the transmutation relations 

VyeM'', V,(T,/)(y) = Av,(/)(y), j = 1,2,- (1.5) 

Using the operator Vk, C.F. Dunkl has defined in [7] the Dunkl kernel K by 

V X e M^, V z e C'', K{x, -iz) = T4(e-*<-^>)(x). (1.6) 

Using this kernel C.F. Dunkl has introduced in [7] a Fourier transform !Fd called 
Dunkl transform. 

By using the operators Vk and *Vfc we have defined in [25] the Dunkl trans- 
lation operators and we have determined their properties. With the aid of these 
operators we define and study in this work the Dunkl convolution product on 
spaces of distributions. We present also the properties of the Dunkl transform of 
distributions. The results obtained have permitted to characterize the hypoel- 
liptic Dunkl convolution equations in the space of distributions in terms of their 
Dunkl transform. This characterization was first given by L.Ehrcnprcis [8] and 
next by L.Hormander [11] in the case of the classical Fourier transform on M''. 
In [1] [2] the authors have studied this characterization for the Hankel, Jacobi 
and Chebli-Trimechc transforms. Wc remark that their proof of the existence 
of a parametrix is complicated. In this paper we give a very simple proof of this 
result for the Dunkl transform on M**, which can also be applied to the cases of 
the preceding transforms. 
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2 The eigenfunction of the Dunkl operators 



In this section we collect some notations and results on Dunkl operators and 
the Dunkl kernel (see [6, 7, 12, 13,14]). 

2.1 Reflection Groups, Root Systems and Multiplicity Func- 
tions 

We consider M"^ with the euclidean scalar product (., .) and ||a;|| = ^J {x, x). On 
C*, ||.|| denotes also the standard Hermitian norm, while {z,w) = • 
For a e M''\{0}, let CTc be the reflection in the hyperplan iJ„ C orthog- 
onal to a, i.e. 

a„(x)=,x-(^^)a. (2.1) 

A finite set R C IR''\{0} is called a root system if i?nMa = {±a} and a^R = R 
for all a G R. For a given root system R the reflections aa,a G R, generate a 
finite group W C 0{d), the reflection group associated with R. All reflections 
in W correspond to suitable pairs of roots. For a given (3 £ UaeR Ha, we fix 
the positive subsystem i?+ = {a e i?; {a, (3) > 0}, then for each a G R either 
a e R+ or —a G R+. 

A function fc : i? ^ C on a root system R is called a multiplicity function 
if it is invariant under the action of the associated reflection group W. If one 
regards A; as a function on the corresponding reflections, this means that k is 
constant on the conjugacy classes of reflections in W. For abbreviation, we 
introduce the index 

7 = 7(i?)= E = E (2-2) 

aeR+ aeR+ 

Moreover, let ojk denotes the weight function 

M^)= n i("'^>i''^"^- (2-3) 

which is T4^-invariant and homogeneous of degree 2j. 

For d = 1 and W = Z2, the multiplicity function A; is a single parameter 
denoted also k and 

Va; e R, LUk(x) = [x^^ (2.4) 
We introduce the Mehta-type constant 

Cfc= (^^^e-W'a;fc(a;)da;^ . (2.5) 

which is known for all Coxeter groups W (see [5, 9]) 
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2.2 Dunkl Operators and Dunkl kernel 

The Dunkl operators Tj, j = 1, - ■ ■ ,d, on M'', associated with the finite reflection 
group W and the multiplicity function k, are given for a function / of class 
on by 

T,m = ^/(.) + s *w„,M_M. (2.6) 

In the case fc = 0, the Tj, j = 1, 2, • • • , d, reduce to the corresponding partial 
derivatives. In this paper, we will assume throughout that A; > and 7 > 0. 

For / of class on R'^ with compact support and g of class on R** we 
have 

/ Tjf{x)g{x)iOk{x)dx = - [ f{x)Tjg{x)u;k{x)dx, j = 1, 2, • • • , rf. (2.7) 

For y gW'-, the system 

Tju(x,y) =yju{x,y), j = 1,2, , . 

uiO,y) =1, ^^-^^ 

admits a unique analytic solution on M"^, denoted by K{x,y) and called Dunkl 
kernel. 

This kernel has a unique holomorphic extension to x C*. 
Example 2.1. 

If d = 1 and W = 1^2, the Dunkl kernel is given by 

K{z, t) = j^_i/2{izt) + ^;^^h+i/2iizt), z,teC, (2.9) 
where for a' > — 1/2, ja is the normalized Bessel function defined by 

j^{u) = 2"r(a + 1):^ = r(a + 1) ^~]iy^^ru ' «eC, (2.10) 
w" ■'^^ nil (n + a + 1) 

n— ^ ' 

with Ja the Bessel function of first kind and index a (see [7]). 
The Dunkl kernel possesses the following properties. 

(i) For z,t e C^, we have K{z,t) = K{t, z), K{z,0) = 1, and K{Xz,t) = 
K{z, Xt) for all A e C. 

(ii) For all IV e Z^, a; e R^, and 2; e we have 



\D^,K{x,z)\<\\xt\e^p 

In particular 



max(«;a;, Rez) 
wew 



(2.11) 



|Z?,^i^(x,2)|<||x||l^lexp[||a:||||i?e^||]], (2.12) 
\K{x,z)\<exp[\\x\\\\Rez\\], (2.13) 
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and for all x,y gR''' : 

\K{ix,y)\<l, (2.14) 

with 

= dzl^...dz^/ and|H = .i + --- + --- + r^.. 
(ill) For all a;, y e M** and w &W we have 



K{—ix,y) = K{ix,y) and K{wx,wy) = K{x,y). (2-15) 

(iv) The function K{x, z) admits for all x e M'' and ^ e the following 
Laplace type integral representation 



{x,z) = 



K{x,z)= I e<y''^dfx,{y), (2.16) 



where is a probability measure on R"^ with support in the closed ball 
B{0, \\x\\) of center and radius and we have 

suppfe n{yG R^/M = \\x\\} ^ 0. (2.17) 

More precisely the measure j^x satisfies 

- supp ^x is contained in co{wx, w G W} the convex hull of the orbit 
of X under W. 

- supp/Ltx n {wx, w e w} 7^ 0. 

(see [19]). 
Remark 2.1 

When d= 1 and W = Z2, the relation (2.16) is of the form 



K{x, z) = ^^±^\x\-^'i {\x\ - yV-\\x\ + yTey^dy. (2.18) 
a/ttI (7) J-\x\ 



.\x\ 
-\x\ 

Then in this case the measure jix is given for all x G R\{0} by: 

dl^xiy) = IC{x,y)dy, 

with 

]Cix,y) = ^^r(7)^V r^"(kl (2-19) 

where l]_|x|,|x|[ is the characteristic function of the interval ] — \x\[. 

We remark that by change of variables, the relation (2.18) takes the following 
form 

y x€R'^,y zeC^, K{x,z) = ^^T-ty,^^ / e''''{l-t'^y-\l + t)dt, (2.20) 

V7i'l(7) J-i 
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3 The Dunkl intertwining operator and its dual 

Notation We denote by 

- C{M.'^) (resp. Cc(K'')) the space of continuous functions on M'' (resp. with 
compact support). 

- CP{W^) (resp. CP{R'^)) the space of functions of class CP on (resp. with 

compact support). 

We provide the preceding spaces with the classical topology. 

- £{W^) the space of C°°-functions on R'^ equipped with the topology of 
uniform convergence on all compact for the functions and their derivatives. 

- 'D{R'^) the space of C°°-functions on R'' with compact support. We have 

V{R'') = U Pa(K'^), 

a>0 

where T>a{R'^) is the space of C°° -functions on R'', with support in the closed 

ball B{o, a) of center o and radius a. 

The topology on ■Da(R'^) is defined by the seminorms 



PnW= sup \D^'i;{x)\, nGN, 

|/i|<rt 

where 

These seminorms are equivalent to the seminorms 



qmW= sup |r^V(a^)|, meN, 

\lJ,\<m 

where 

The space I?(R'') equipped with the inductive limit topology is a Frechet space. 



- <S(R'') the space of C°° -functions on R"* which are rapidly decreasing as 
their derivatives. The topology on this space is defined by the seminorms 

Pr,sW= sup {l + \\x\\y\D'^ij{x)\,r,sGN. 

\lJ-\<r 

These seminorms are equivalent to the seminorms 

QkA^)= sup {l + \\x\\y\T''^{x)\,k,£eN. 

\n\<k 

Equipped with this topology 5(R'') is a Prechet space. 
We consider also the following spaces. 
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- ^'(M'') the space of distributions on R'^ with compact support. It is the 
topological dual of f (R''). 

- <S'(R'^) the space of tempered distributions on R'^. It is the topological dual 

of 

The Dunkl intertwining operator Vk is defined on C(R'') by 

V a; e Vk{f){x) = [ f{y)d,i,{y), (3.1) 

where is the measure given by the relation (2.16) (see [23]). 
We have 

VajeM"^, V^eC^, K{x,z) = Vk{e<-^''>){x). (3.2) 
The operator *Vfe satisfying for / in Cc(IR'') and g in C{W^), the relation 

/ 'Vk{f){y)9{y)dy = [ Vk{g){x)f{x)u;k{x)dx. (3.3) 

is given by 

V?/eM^*14(/)(y)= / f{x)duy{x), (3.4) 
where Vy is a positive measure on R'' whose support satisfies 

suppz/^ C {a; e R^lkll > and suppz/j, n {a; e M^lkll = ¥^ 0- (3.5) 
This operator is called the dual Dunkl intertwining operator (see [23]). 

The following theorems give some properties of the operators 14 and *Vfe 
(see [23]). 
Theorem 3.1 

(i) The operator 14 is a topological isomorphism from f (R'') onto itself sat- 
isfying the transmutation relations 

VxeM^ TjVk{f){x) = Vk(^-^fyx), j = l,2,...,d, feSiR"). 

(3.6) 

(ii) For each x G K'', there exists a unique distribution rjx in £'{R'^) with 
support in the closed ball -6(0, ]|x]|) such that for all / in f (R'^) we have 

Vk-\f){x) = {v.,f). (3.7) 

Moreover 

supp?7xn{yeMVlly|l = lkll}^0- (3.8) 

Theorem 3.2 
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(i) The operator *Vfe is a topological isomorphism form ©(R*^) (resp. «S(IR'^)) 
onto itself, satisfying the transmutation relations 

V y e 'V{Tjf){y) = A j = 1, 2, • • • , rf, / e V{R''). (3.9) 

ii) For all / in V{R'^) we have 

supp / C B{o, a) ^ supp Vfe(/) C B{o, a). (3.10) 
where B{o, a) is the closed ball of center o and radius a > 0. 

iii) For each y € M*^, there exists a unique distribution Zy in 5'(IR'') with 
support in the set {x € M'^/||a;|| > \\y\\} such that for all / in D(IR'') we 
have 

%-\f)iy) = {Zy,f). (3.11) 

Moreover 

suppZ^ n {x G M/llxll = 112/11} ^ 0. (3.12) 

ExEimple 3.1 

When d= 1 and W = Z2, the Dunkl intertwining operator Vk is defined by 
(3.1) with for all x G M.\{0}, d^xiv) = lC{x, y)dy, where /C given by the relation 
(2.19). 

The dual Dunkl intertwining operator *14 is defined by (3.4) with dvy{x) = 
)C{x,y)u}k{x)dx, where /C and Wfe given respectively by the relations (2.19) and 
(2.3). 

Example 3.2 

The; Dunkl intertwining operator Vk of index 7 = X^iLi ca^ca > Oj associated 
with the reflection group Z2 x Z2 x • • • x Z2 on M"^, is given for all / in f (M'') 
and for all a; e M'' by 

14(/)(X) = n f ^%^7^) / f{tlXut2X2,---,UXd) 
d 

xll^l - tl)"'~\'i-+ti)dh ■ ■ ■ dtd, (3.13) 

(see [27]). 

Definition 3.1. The dual Dunkl intertwining operator on £'{W'') denoted also 

by *Vk is defined by 

CVk{S),^) = {S,Vk{^)), ^e£{R''). (3.14) 

The operator *Vfe possesses the following properties (See [25] p. 26-27). 

i) It is a topological isomorphism from £''(R'') onto itself. Its inverse is given 

by 

{X-\S),^) = {S,V,-\^)), y.eSiR"). (3.15) 
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ii) Let Tf^f^ be the distribution of given by the function foJh, with 
/ G D{W^). Then we have 

'Vk{Tf^,)=T.vM). (3.16) 

iii) Let Tg be the distribution of £'{R^) given by the function g in D{R^). 
Then we have 

X-\Tg) = T.y-.^^^^^. (3.17) 

4 Dunkl transform 

In this section we define the Dunkl transform and we give the main results 
satisfied by this transform (see [7, 13, 14]). 
Notations We denote by 

- L^{R'^),p e [1, +oo], the space of measurable functions on R'' such that 

||/IU,p = (^J^Jf{x)fu;kix)dxy\+oo, ifl<p<+oo, 
||/||fe,oo = ess sup |/(a;)| < +oo. 

- H{C^) the space of entire functions on which are rapidly decreasing 
and of exponential type. We have 

a>0 

where Ha{C'^) is the space of entire functions ^ on satisfying 

Vm e N, sup (1 + ||0||2)™|^f(2)|e-«ll^™^ll < +oo. 

zee-' 

The Dunkl transform of a function / in T>(R'^) is given by 

VyeM'', Tn{f){y)= f f{x)K{x,-iy)uJk{x)dx. (4.1) 

This transform has the following properties. 

i) For / in Ll{R'^) the function .Fd(/) belongs to C{R'^), tends to zero as t 
goes to infinity, and we have ||^D(/)||fe,oo < ||/||fe,i- 

(u) Let / be in D(M<^). If f{x) = f{-x) and U{x) = f{wx) for x e W^, 
w e W, then for all j/ e R"^ we have 

J'DifXy) = J'Dimv) and J^DiMiv) = J'DiDiwy). (4.2) 
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iii) There is a one-to-one correspondence between the space of all radial func- 
tions / in and the space of integrable functions F on [0, -|-oo[ with 
respect to the measure via 

f{x) = F{\\x\\)=F{r), withr=\\x\\. 

Moreover, the Dunkl transform J^oif) of / is related to the Fourier-Bessel 
transform tI'^^~'^{F) of F by 

Vy e M^^d(/)(2/) = (4-3) 

Ck 

7"!- — — 1 

The transform J^^ ^ is given by 

VA>0, (A) = / 5(rK,d ,(Ar) ^ dr, (4.4) 

with j^^d_i{Xr) the normalized Bessel function. (See [18] p. 585-589, and 
[24]). 

iv) For all / in 5(M'') we have 

TDif)=J'o'Vk{f), (4.5) 
where is the classical Fourier transform on R'' given by 

V y e nf){y) = I f{x)e-'<'''^>dx, f e P(R'^), (4.6) 

The following theorems are proved in [13, 14]. 

Theorem 4.1. The transform J^d is a topological isomorphism 

i) from V{R'^) onto e(C'^), 

ii) from 5(IR'^) onto itself. 
The inverse transform is given by 

V X G J^B\h){x) = ^ h{y)K{x, iy)My)dy. (4.7) 

Remark 4.1 

Another proof of Theorem 4.1 is given in [25]. 
Theorem 4.2. Let / be in L^(R'') such that the function Toif) belongs to 
L\{R'^). Then we have the following inversion formula for the transform To '■ 



f(^) = ^l :FDif){y)K(x,zy)My)dy, a.e. (4.8) 



Theorem 4.3. 
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i) Planchercl formula for To- 
For all / in V{W^) we have 

/ \f{x)fu,,{x)dx = -^ [ \J^nif)iy)\'My)dy. (4.9) 

ii) Planchercl Tlicorcm for ■ 

The renormalized Dunkl transform / 2~^~'^^^Ck^D{f) can be uniquely 
extended to an isometric isomorphism on Ll{W^). 

5 Dunkl convolution product and Dunkl trans- 
form of distributions 

5.1 Dunkl translation operators and Dunkl convolution 
product of functions 

The definitions and properties of Dunkl translation operators and Dunkl convo- 
lution product of functions presented in this subsection are given in the seventh 
section of [25] p. 33 - 37. 

The Dunkl translation operators Tx,x gM.'^, are defined on f (K'') by 

Vy GM^T^/Cy) = {VkUVk)vK-'if)ix + y)]. (5.1) 

For / in 'D{R'^) the function Txf can be expressed by using the dual Dunkl 
intertwining operator as follows 

Vy G R^T,/(y) = iVkU%r%['Vk{.mx + y)]. (5.2) 

Using the relations (5.1) and (5.2) we deduce that the Dunkl translation oper- 
ators can also be written in the following forms 

V {x,y) eR^x R',Tj{y) = (Vk) ® 14)(*)(a:, y), (5.3) 

with 

^{x,y) = V,^-\f){x + y), feSiR"), 

and 

Vy e K^r,/(y) = %-\fl, * 'VkiMy), (5.4) 
where fix is the measure given by (2.16), jlx the measure defined by 

/ 9{y)diix{y)= I 9{-y)dfix{y), 9&C{R''), (5.5) 

and fix* 9 the function given by 

V y G Ac. * 9{y) = I 9{y~ t)dfix{t). (5.6) 
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The operators t^, x E W^, satisfy the properties 

i) For all x gR'^, the operators r^, is continuous from £{R'^) into itself. 

ii) The function of class C°° on M". 

iii) For all x,y gR'^ and z gC^ we have the product formula 

T^K{y,z) = K{x,z)K{y,z). (5.7) 
ir) For all / in f (M''), we have 

rx/(0) = fix), Tj{y) = Tyfix). (5.8) 

and 

Tj{Tj) = T,{Tjf), j = l,...,d. (5.9) 

{TjUT,f)=T,{Tjf), j = l,...,d. (5.10) 
z/) For / in V{R^) and x e M'', the function y T^f{y) belongs to V{ 



and we have 

V y e J'D{Tj){y) = K{ix,y)J^D{f){y). (5.11) 
z/i) For / in 'D{R'^) we have 

VxeM^ / T,f{y)ujk{y)dy= [ f{y)iOk{y)dy. (5.12) 

At the moment an explicit formula for the Dunkl translation operators is 
known only in the following two cases. (See [20,22]). 
1^* cas : = 1 and W = Z2. 
For all / in C(M) we have 

Vx e R,Tyf{x) = \ f f{Vx^+y'-2xyt){l + _=^=4=)$,(i)dt 
^ j-i ^/x'' + y'' — 2xyt 

(5.13) 

where 

^'^(*) = 7^^^ + *)^^"*'^'"'- ^^-^^^ 

2"*^ cas : For all / in C(K'^) radial we have 

Vx e R", Tyfix) = Vk[foiV\M^ + \\y\\^ + 2{x,.))]{y), (S-is) 

with /o the function on [0, +00 [ given by 

f{x) = fo{\\x\\). (5.16). 



The Dunkl convolution product of / and g in ■D(IR'') is the functions f *d 9 
defined by 

\/x e R", f *D g{x) = f Tj{-y)g{y)du;k{y). (5.17). 
Jm.'' 
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This convolution is commutative and associative and admits the following prop- 
erties 

i) For /, g in D(M'*)( resp. 5(M'*)) the function f *d 9 belongs to D(M'*)( resp. 
S{W'-)) and we have 

\/y e J^dU *d 9){y) = J'DifmJ'Digm. (5.18). 

ii) For /, g in V{m.'^){ resp. we have 

'Vk{f *D g) = VfeCf) * VfeCg) (5.19) 

where * is the classical convolution product of functions on K'^. 

5.2 Dunkl Convolution product of distributions 

Definition 5.1. The Dunkl Convolution product of a distribution S in D'iW^) 
and a function (p in Vi^'^) is the function S *d V defined by 

VxeW^, S*dv{x) = {Sy,T-yip{x)). (5.20) 

Remark 5.1 

If 5 = T/„^ is the distribution in T>'{R''-) given by the function fivk with / 
in CiW^), we have 

S*D^ = f*DV- (5.21) 
Theorem 5.1. The function 5 *£> is of class C°° on R'^ and we have 

T^'iS *DV) = S *D {T^V) = (T^S) *o ^, (5.22) 

where 

= Tf Ti'^o • • • oT^', with M = (mi, M2, • • • , Md) e N'^, 
and Tj, j = 1, 2, d, the Dunkl operator defined on V'{M.'^) by 

{TjS, ^) = -{S,Tj^), if e C(M<^). (5.23) 

Proof 

i) We shall prove first that the function S *d ^ is continuous on R'^. Let 
^0 g g^^^ B{x^,r) the closed ball of center and radius r > 0. We 
consider <^ in T>{R'^) such that supp(p C B{o,a), a > 0. From the relation 
(5.4) and the fact that the support of fix is contained in the closed ball of 
center o and radius ||a;||, the relation (3.10) implies that 

Va; e B{x°,r), suppr_3;<^(a;) C B{o,a + r+ ||a;°||). 

We put K = B{o,a + r + \\x°\\) and ^{x,y) = T-y(p{x). 
As the distribution S belongs to 2?'(K'') then there exist a seminorm p„ 
and a positive constant C such that for all 9 in T>{R'^) with supp6' C K, 
we have 

\{s,e)\<cpn{e). (5.24) 



13 



On the other hand as the function <I> is of class C°° on R'' x R'', then from 
(5.3) for all a G N'' the function D°'^{x, y) is continuous on R'' x K. Thus: 
Ve > 0, 3 B(a;0,ro), ro < r, Va; e B(a;0,ro) p„($(a;, •)) < §• 

This relation and (5.24) imply 

Mxe B(a;°, ro), \S *d ^{x) - S *d ^{x°)\ < Cpni^x, .) - $(a;°, .)) < s. 

The function S *d ^ is then continuous at a;*^, and thus it is continuous 
on R"^. 

ii) We shall prove now that the function S *n V admits a partial derivative 
g|-S' *D at e M** and we have 

^5 <^(^0) ^ i^Sy, ^r.yv{x^)). (5.25) 

Let h e R'^\{0}, by applying the Taylor formula we obtain 

)^ 

' dx 

Thus 

S *D ^{x) — S *D y^{x'^) ,r, 9 



+ e /o'(l - t)£,^{x\, + i/i, xO, y)dt. 



h ' dx, 



- {Sy, ^$(x°, y)) = h{Sy, R{x°, y, h)), 



where 



R{x°, y, h) = (1 - ^)^^(^?' + ^S, (5-26) 

It suffices to show that {Sy, R{x^, y, h)) remains bounded when h tends to 
zero. We put 

M= sup \D-^^{x,y)\. 

\a\ < n 
{x,y) G B{x°,r) x K 

From (5.26) we deduce that 

\fyeK, \D'^R{x\y,h)\<M. 

From (5.24) we deduce that 

\{Sy,R{x'',y,h))\<CM. 

Thus the function S *d admits the partial derivative *d ^{x^) at 
x° G R'' and we have (5.25). 

These result are true on R'' and in particular we have 

\fx G R^ —S *D ^{x) = {Sy, —T_yip{x)). (5.27) 
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By applying the i) to this partial derivative we deduce that it is continuous 
on R"^. 

Similar proofs as for i) and ii) show that the function S *n <f admits 
continuous partial derivatives of all order with respect to all variables. 
Then the function S" *d is of class C°° on R''. On the other hand using 
the definition of Dunkl operator Tj and the relations (5. 27), (5. 9) we obtain 

= {Sy,T_y{Tj^){x)) =S*D {Tj^){x). (5.28) 

By iteration we get 

Va; e R^, T^'iS *d ^){x) = S *d {T''^){x). 
On the other hand from (5.28) and (5.10) we have 

yxeR^Tj{S*n^){x) = {Sy,{T,)y{T.y^{x))) 

= {TjSy,T^y(p{x)) 

= {TjS)*Df{x). 

By applying this relation to the other Dunkl operators and their composite 
we obtain 

\fx e R'^, T^'iS *D V>){x) = {T^S) *D V{x). 
This completes the proof of the theorem. 

Remark 5.2. 

We have 

Va; G M'', S *D fix) = {S,T-y(p{x)) = (p{x). 

5.3 Tensoriel product of distributions (see [21] [3]) 

Theorem 5.2. Let S,U be two distributions in X''(M''). Then 

i) There exists a unique distribution in 'D'{M.'^ xW^) such that for all (p,il) 
in V{M.'^) we have 

{W,ip(3i^) = {S,ip){U,i;). (5.29) 

The distribution W is the tensoriel product of the distributions S and U and it 

is denoted by S ®U. 

ii) For all 4> in V{W^ x W^) we have 

{S ® U, ct>{x, y)) = {S,, {Uy, ct>{x, y))) = {Uy, {S,, ^{x, y)}). (5.30) 

The tensoriel product of distributions satisfies the following properties. 

i) Let S,U,V be in V'{R'^). There exists a unique distribution S ^ U iSi V in 
V'{R'^ X M'^x) such that for all ip,ip, 9 in V{R'') we have 

{S(E)U(E>V,ip(E>ip(E>9) = {S, (p){U, %p){V, 6). (5.31) 
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We deduce that 



ii) For all S,U in V'{R'^) we have 



5(g) (Z^(g) V). 



(5.32) 



hi) For ah S,U inV 



D°'{S®U) 
(M'') we have 



{D''S)®U. 



(5.33) 



supp(5(g)ZY) = (suppS') X (suppZY). 



(5.34) 



5.4 Dunkl convolution product of distributions 

To define the Dunkl convolution product of the distributions S and U in 
©'(M**) we must consider the expression 



But the function [x, y) Tx(p{y) defined on 'D{R'^ x R'^) is not with compact 
support. Then the expression (5.35) is not well defined in the general case. It 
will have a sense if the set 



is compact for all in 'D{R'^). We say in this case that the supports of S and 

U satisfy the " supports condition " . 

Definition 5.2. Let S and U be two distributions in 'D'{R'^) such that their 
supports satisfy the " supports condition " . The Dunkl convolution product of 
S and U is the distribution S*dU in D'(M'') defined by 



Remark 5.3. 

Using (5.30) the relation (5.36) can also be written in the form 

{S*Dl(,ip) = {S,, {Uy,TMy))) = {Sa:,TMy)))- (5-37) 

Proposition 5.1. Let S be in £'{R'^) and U in V'{R''). Then the supports of 
these distributions satisfies the " supports condition. " 

The Dunkl convolution product of distributions is commutative and 

associative and satisfies the following properties. 

i) Let S and U be in V^R"^) such that their support satisfy the " supports 
condition. " Then for all n gN'^ we have 



(5.35) 



supp(tx<^(2/)) n supp(S' (g) U) 



{S *DU,ip) = {Sx®Uy,Tx^{y)). 



(5.36) 



u) Let S be in V'{R'^) and / € V{R'^). Then we have 



(5.38) 



(5.39) 
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where Tf^^ is the distribution in ©'(M*^) given by the function fojk- 
Remark 5.4 

Let S and U be two distributions in f (K"^), with supp5 C B{o,a), a > 0, 
and suppC/ C B{o, b), b > 0. Then the distribution S *dU belongs to £'{R'^) 
and we have supp S *dU C B{o,a + b). 

Proposition 5.2. Let S and U be two distributions in 5'(M*^). Then we have 

'Vk{S*DU) = Vfc(C/). 

where * is the classical convolution product of distributions on R"*. 
Proof 

From (3.14) for cp in £{R^) we have 

( *Vk{S *D U), ip) = {S *D U, Vkif)). 

By using (5.37) and (5.1) wc obtain 

{'Vk{S*DU),^) = {S,,{Uy,T,{Vkm{y))) 

= {S,,{Uy,{VkU{Vk)y[ip{x + y)])). 

By applying (3.14) we get 

{'Vk{S*DU),^) = {'Vk{S),,{'Vk{U)y,^{x + y))) 
= CVkiS)^ 'Vk{U),^). 

Thus 

'Vk{S*DU)='VkiS)* 'VkiU). 

5.5 Dunkl Convolution product of tempered distributions 

The results of this subsection are proved in [26] . 
Definition 5.3 Let S be in <S'(K'^) and (p in 5(R''). The Dunkl Convolution 
product of S and (p is the function S *n V defined by 

VxeM'', S*Dp{x) = {Sy,T^yip{x)). (5.40) 

Proposition 5.3. For S in iS'(IR'') and (p in iS(M'^) the function S*d'P belongs 
to £{R'^) and we have 

r^(5 *DV) = S *D [T'^v) = (T'^S) *D <P, (5.41) 

where 

= Tf T^'o ■ ■ ■ oT^\ with n = (mi, M2, • • • , Md) e N"^. 

5.6 Dunkl transform of distributions 
Definition 5.4 
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i) The Dunkl transform of a distribution S in <S'(R'') is defined by 

= {S,J^nm,ij e (5.42) 

ii) We define the Dunkl transform of a distribution S in £'{M.'^) by 

Vy e J'DiSM = {S,,K{-iy,x)). (5.43) 

Remarks 5.5 

i) When the distribution S in f (R'') is given by the function gojk with g in 
I?(R''), and denoted by Tg^^^, the relation (5.43) coincides with (4.1). 

ii) From (3.14) and (2.16) the relation (5.43) can also be written in the form 

yy e R^ J^DiSM =To Vfc(5)(t/), (5.44) 
where T is the classical Fourier transform of distributions in f (R'') given 

by 

Vy e R'', T{U){y) = {U, e-'^'")). (5.45) 

Notation. 

We denote by HiC^) the space of entire functions on which are rapidly 
increasing and of exponential type. We have 

a>0 

where Ti.ai'C'^) is the space of entire functions ^' on C'' satisfying 
3NeN, sup(l + ||.z|n-^|^'(^)|e-'*ll^'"^ll < +oo. 

We topology this space with the classical topology. 

The following theorem is given in [25] p. 27. 
Theorem 5.3. The transform J^d is a topological isomorphism from 

i) 5'(R'^) onto itself. 

ii) S'{W^) onto HiC^). 

Theorem 5.4. Let S be in S'{R'^) and tp in 5(R'^). Then the distribution on 
giygji <^)wfe belongs to S'{R'^) and we have 

^d(T(s,,^)^J = :Fn{^)J^D{S). (5.46) 

We consider the radial positive function ip in T>{R'^), with support in the 
closed ball of center and radius 1, satisfying 

ip{x)LiJh{x)dx = 1, 
18 
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and (j) the function on [0, +00 [ given by 

ip{x) = <?f>(||a;||) = (j}{r), with r = ||a;||. 
For e e]0, 1], we denote by ip^ the function on defined by 

VxeM^ = ^.^(M). (5.47) 

Theorem 5.5. Let S be in S^M."^). We have 

\imS*D^e = S, (5.48) 

£— >0 

the limit is in S'{W^). 

Definition 5.5. Let 5 be in S'{W^) and V in £'{W^). The Dunkl convolution 
product of 5 and V is the distribution 5 *£> V on M'' defined by 

{S *D V, i,) = {S,, {Vy, r,^{y))), ^ e V{R^). (5.49) 

Remark 5.6. 

The relation (5.49) can also be written in the form 

(5*cV,^) = (5,V*bV), ^eP(R''), (5.50) 
with V the distribution in f (K'') defined by 

(V,/) = (V,/), f€£iR'), 

where / given by 

VxeK^/» = /(-ar). 

Theorem 5.6. Let S" be in S'{W^) and V in f'(M<*). Then the distribution 
S *dV belongs to S'{W'') and we have 

J^d{S*dV)=J^d{V).J^d{S). (5.51) 

Proof 

We deduce the result from (5. 50), (5. 39) and Theorem 5.4. 
Definition 5.6. We define the dual Dunkl intertwining operator *Vk on S'{M.'^) 
by 

'Vk{S)=J^-^oJ^D{S). (5.52) 

Theorem 5.7. 

i) The operator *Vfc is a topological isomorphism from <S'(M'') onto itself. 

ii) Let S be in S'{R'^) and U in £'{R'^). Then we have 

'VkiS *D U) = *14(5) * *Vk{U). (5.53) 
where * is the classical convolution product of tempered distributions on 
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Proof 

i) We deduce the result from Theorem 5.3 and the properties of the classical 
Fourier transform of tempered distributions on M**. 
ii) From Theorem 5.6 we have 

Td{S*dU)=Td{S).Td{U). 

Using (5.52) we obtain 

To 'Vk{S*DU)=J^o Vfc(5).jro *Vk{U). 

Thus 

J'CVkiS*DU))=J'CVk{S)* *VkiU)). 
Wc deduce (5.53) from this relation and the injectivity of the transform on 

Remark 5.7. 

When the distribution S is in 5'(IR'^) another proof of the relation (5.54) 
has been given in Proposition 5.2. 

6 Hypoelliptic Dunkl convolution equations in 
the space of distributions 

Let S be in £'{R'^). In this section we study convolution equations of the form 

S*dI( = V, (6.1) 

where U and V are distributions in I?'(]R'^). 

We say that the equation (6.1) is hypoelliptic if all solution U is given by a 
function fcok with / in £(R'') whenever V is given by a function gcok with g in 
£{R''). 

When (6,1) is hypoelliptic we say also that the distribution S is hypoelliptic. 
The main result of this section is the characterization of hypoelliptic Dunkl 
convolution equations in terms of their Dunkl transform. 

We say that the distribution S in £'(R'^) satisfies the ff-property if 
i) There exists A,M >0 such that |J^D(5)(a;)| > ||a;||-^ for all > M. 
ii) lim||,||^^,,g2 = oo, where Z = {z € J'd{S){z) = 0.}, with 

Proposition 6.1. Let S be in f (M'^). If S is hypoelliptic then S satisfies the 
i) of the i?-property. 

To prove this proposition we need the following Lemma. 
Lemma 6.1. Let (f> he a. positive function in D(U.'^) such that (/)(0) = 1 and 
which is even for d = 1 and radial for d > 2. Then there exist positive constants 
C and X such that for ||a;|| > X we have 

J^j,{K{tx,m^)>--^. (6.2) 
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Proof 

i) We suppose that d>2. 
We have 

"ix&W^, TD{K(ix,.)(t)){x) = I \K{ix,t)f(l){t)LOk{t)dt. 

As (j) is radial then there exists a function tp on [0, +00 [ such that 

<f>it)=^i\\t\\) = ip{r), withr=\\t\\. 
By using polar coordinates we obtain 

Va; e R'^, J^D{K{ix, .)(l)){x) = f ( / \K{ix,ra)\'^(Jk{(T)da)ip{ry'^+'^-Ur. 

Jo JS'i-i 

As the function (p is positive, then for all x G M'^\{0} we have 

J^n{K{ix,.)cP){x) > Jo^iJs.-. \K{i\\x\\p,ra)\^uJkia)daMry^+''-^dr 
> /o^(/s.-i mi(3,r\\x\\a)\^Wk{a)daMry^+''-'dr. 

By the change of variables m = r||x||, we obtain 

J^n{K{ix,.)cf>){x) > jnL+d l\ I \K{ip,ucj)\^u;k{<j)da)^{-^y^+''-Hu. 

(6.3) 

We denote by //3(| |) the integrals of the second member. From the properties 
of the function ip we deduce that there exists X > such that for all u G [0, 1] 
and ||a;|| > X, we have > 5- Then 

>\ l\l \K{i(3,ua)\^uJk{<j)da)u"^+''-Hu. 
^ Jo Js'i-'^ 

As the second member is continuous on S'^~^ with respect to the variable /3, 
then for ||a;|| > X, we have 

IM\)>1 mip [\[ \K{iP,ua)\^Wk{a)da)u^'^+''-'du, 

and there exists (3o G 5"^"^ such that for > X, we have 



As the function 



\K{iPo,ua)\^oJk{<7)da)u^^+''-^du. (6.4) 

^ Jo JS''-^ 

I \K{il3Q,ua)\^ijJk{cr)da 
Js'i--' 



21 



is continuous on [0, 1], then if 



we deduce that 



( / \K{ipo,ua)\^cuk{a)da)u^''+'^-'^du = 0, 
Js<i-i 



Vue[0,l], / \KiiPo,ua)\^LOk{a)da = 0. 



By taking u = 0, we obtain 



/ (jJk{o-)da 



which contradicts 



Then 



/ LUk{a)da = dk = 



[ {[ \K{ij3o,ua)\^Uk{a)da)u'^"'+''-^du^0. (6.5) 
Jo Js''--' 

We denote the first member of this relation by 2C. By using the relations 
(6. 3), (6. 4) and (6.5), we deduce that for ||x|| > X, we have 

J^D{K{ix,.)cl)){x)> ^ 



ii) We suppose that d = 1. 
The same proof as for i) gives the relation (6.2). 
Proof of Proposition 6.1. 

We assume that the i) of the iJ-property does not hold. Then we can find 
a sequence (a;„)„gN C M"^ such that ||a;„|| > 2" and 

VnGN, |J-d(5)(:c„)| < (6.6) 

We consider the sequence {?7p}p£N of distributions in V{M.''-) given by 

p 

Up = ^/f(-ix„,.)wjj) 
n=0 



where Tx(-ix^,.)LOk distribution in !)'(]&") given by the function K{—iXn, ■)^k- 
Let y be in D{W^). For all p, g e N with p> q, we have 

p 

{Up, If) - {Uq,(f) = ^(TR:(-ix„,.)wfc,v), 

n=q 
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= Y,^Dmxn). (6.7) 

n=q 

But from Theorem 4.1 the function !Fd{^) is rapidly decreasing. Then there 
exists a positive constant C such that 

VyeR", |^^(<^)(y)| < 

Thus 

Vn e N, \J'D{'p){xn)\ < ^ < ^. (6.8) 

By applying this relation to (6.7) we obtain 

p 

2*^ 



KC/p,<^)-([/g,<^)|<C^— ^0, asq^+cc. 



n=q 

Then 



(J7p, (p) —f L{(p), asp +00. 

We deduce that L is a distribution U in I?'(M'') and Up converges to U in I?'(R'^) 
as p tends to infinity. Thus 



and for all (p in T>{R.'^) we have 

oo 

(f/,<^)=^:r^(v^)(a;„). (6.10) 



n=0 



We shall prove now that the distribution S *d U of ©'(M**) is given by a 
function fuik with / in f (M''). 

Prom (5.37), (6.6) and (5.11), for all ip in V{W^) we have 

(5*^(7,(^) = (5„(C/t,T,^(i))) 

{S *D U,ip) = {Sy,'^K{iy,Xn)J^D{v){Xn))- 

Tl = 

By applying Theorem 4.1 and Definition 5.4 ii) we obtain 

oo 

{S *D U,ip) = '^J^D{v){Xn){Sy,K{iy,Xn)) 
n=0 

oo 

= J2^D{'p){Xn):FD{S){-Xn). (6.11) 
n=0 
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This relation can also be written in the form 

CO „ 

{S *dU,(p) = y2^D{S){-Xn) / K{-tt,XnMt)uJkit)dt. 

n=0 

By using (2.14) and the fact that (p belongs to ©(M**) and Td{S) satisfies the 
relation (6.6), we can interchange the series and the integral and we obtain 

{S *D U,^)= / [V J^D{S){-Xn)K{-it, Xn)Mt)iVk{t)dt. 
n=0 

Thus the distribution S *nU is given by the function /wfc, with 

oo 

fit) = J2^D{S){-xJK{-it,Xr,). 

?i=0 

Let to G R'' and B{to,r) the open ball of center to and radius r > 0. By 
using (6.6) and (2.12) we deduce that for all u G N'^ there exists a positive 
constant C such that 

sup \D''{J^D{S){-Xn)K{-it,Xn))\<C\\Xn\\-''+\-\. 
teB(to,r) 

As the scries X^^o ll-^nll~"^''^' converges, wc deduce that the function / admits 
continuous partial derivatives of all order on B{to, r) and then on W'-. Thus / 
belongs to S{W^). 

In the following wc want to show that the distribution U docs not given by 
a function gujk with g in EiW'-). If not we take a positive function in ViW^) 
such that 0(0) = 1 which is even for = 1 and radial for d > 2 and ^^^(0) is 
non negative. We consider Afe the Dunkl Laplacian given by 

and j3 G N such that p > 5(7 + |). Using (6.10) and (2.8) we obtain for all 
y e W^: 

{Kizy, .)AfU, 0) - {AfU, K{ty, .)0) (6.12) 

= (Afr,^,,if(zy,.)0) 

= {T^Al^,)^,^Kiiy,. )<!>)) 

= 4, K{iy, t)(l>{t)Afg{t)uJk{t)dt. 

Bt taking y = xj, we have 

{K{zy,.)AfU,^)= f K{iXj,t)ct>{t)Afg{t)uJk{t)dt. 

>/M<* 
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As the function 4>^'^k9 belongs to L\{W^), then from the properties of the Dunkl 
transform we have 

hm {K{iy, .)AfU, <!>) = 0. (6.13) 
On the other hand from (6.12) we have 

{K{iy,.)AfU,cl>) = ([/,Af(K(zy, .)</.)) 

OO 

Thus 

OO 

{K{iy,.)AfU,^) = ^\\xn\\^PJ^n{Kiiy,.)cl)){xn). (6.14) 
On the other hand for all y e M** we have 

\i z &W^, J^D{K{iy,.)(j)){z) = I K{iy,t)K{-it,z)(l){t)uJk{t)dt. (6.15) 
Thus from Theorem 4.1 and the relation (5.11) we obtain 

yz e J^D{K{iy,.)<l^){z) = -^Ty{J^-\^)){z). 

As the function J^^^{(f)) is positive and even for d = 1 and radial for d > 2, then 
for d > 2 we have 

vteR^ = Film, 

where F is a positive function on [0, +00 [. 
Using (5. 15), (5. 13) and example 3.1 we have 

227+d 

Vz G J^oiKiiy, .)</.)(z) = ^^Vk[F{^y\\y\\^ + \\z\\^ - 2{y, .))](0), ifd > 2. 

\/zem, J^DiKiiy, .)<P)iz) = C Vfc[(.F^i(0))(\/y2 + ^2 _ 2yz)]iz) ifd = 1, 
with 

c = 22'=+i(r(fc + ^))2. 

Thus the function J^£){K{iy, ■)(p){z) is positive. 

On the other hand by taking y = xj we deduce from (6.14) the following relation 

00 

\\Xn\\*'':FD{K{lXj, .)<P){Xn) > \\Xj\\*P J^oiK {iXj , .)<P){Xj). (6.16) 

n=0 

But from the relation (6.15) we have 

J'D{K{iXj,.)^){xj)= [ \K{iXj,t\^^{t)uk{t)dt. 
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By applying Lemma 6.1 there exist positive constants C and X such that for 

C 



\xj\ \ > X we have 



From this inequahty and (6. 14), (6. 16) we obtain for > X: 
{Kiixj,.)Al'>U,cl>)>C\xjf''-'^-''. 

Thus 

{K{ixj, .)A|^{7, (j)) — > +0O, as j — > +oo. 

This contradicts (6.14). Hence the distribution U is not given by a function goJk 
with g in £{R'^). 

Proposition 6.2. Let S be in £'{R'^). If S is hypoeUiptic then S satisfies the 

ii) of the -property. 

Proof 

Suppose that the ii) of the il-property does not hold. Then there exists 
a sequence {zn)n£N C and a positive constant M such that for all n e N, 
:FD{S){zn) = and |/mz„| < MLog\zn\. 

Let (p be in X'(IR.''). According to Theorem 4.1 i) there exists a € N such 
that for very p we can find Cp > for which 

Vz eC^ \TDi(f>)iz)\ < Cpe^ll^^^ll-f-^^s^i+ll^ll). 
If we take p G N such that p > Ma + 2, wc get 

WZnlflJ^Dm^n)] < Cp. (6.17) 

Let (an)neN be a complex sequence such that the series X]^o l*^"! convergent. 
We consider the sequence {VgjqeN of distributions in 'D'{R'^) given by 

9 

^g^Yl "'nT\\z^\\^K{zz^,.)uj^- 

For all q,r gN with q> r, we have 

= T,l=r"'n\\Zn\?^D{(t>){-Zn)- 

Thus using (6.17) we obtain 

\{Vg,(l>) - {VrA)\ < CpY,K\ ^ 0, asr ^+oo. (6.18) 

n=r 

Then 

{Vq, (j)) L{<fi), asq^ +oo. 
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Wc deduce that L is a distribution V in ■D'(IR ) and Vq converges to V in V 
as q tends to infinity. Thus 



V = ^ a„T||;,„l|2x(i^„,.)c^fc> (6-19) 

n=0 

and from (6.18) we deduce that 

oo 

|(V,0)| <Cp^|a„|. (6.20) 



n=0 



On the other hand by making a proof similar to those which has given the 
relation (6.11) we obtain 

oo 

{S*DV,cj)) = (^a„||^„||2j-j,(S)(z„)J-j3(0)(-z„) =0. 

Thus 

5*13 V = 

As 5 is hypoelliptic, we deduce that the distribution V is given by a function 
fiJk with / in £{W'-). Then we have 



V = Tf^,. (6.21) 

Prom (2.8) we have 

Vn e N, K{izn,0) = 1. 
Thus for all closed ball of center o and radius r > we have 

VneN, sup \K{iZn,y)\>l. (6.22) 

y6B(o,r) 

On the other hand using (6.20) and (6.21) we obtain 

oo 

sup |/(y)| < Cp V|a„|. 

Thus 

VneN, sup \\zn\\'^\K{izn,y)\<Cp. (6.23) 

yeB{o,r) 

Prom this relation and (6.22) we deduce that 

Vn e N, \\zn\ < Cp. (6.24) 

which is a contradiction with our choice of the sequence {z„)neN- This completes 
the proof. 

Proposition 6.3. Let S be in £'(R'^). If S satisfies the if-property, then there 
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exists a paramctrix for S, that is, there exist V in £'{M.'^) and tp in ■D(M'^) such 

that 5 = .S* *£) V + Ti/jajfe , where 6 represents the Dirac functional. 

Proof 

Using (5.44) the iJ-property can also be written in the form 
i) There exist A,M >0 such that \J^{*Vk{S)){x)\ > for aU ||x|| > M. 

ii) lim||,||^^,,e^ = ^^^'^ 2 = {z€ n'Vk{S){z) = 0.} 

We see that the 77-property is true for the distribution *Vfe(5) of £'{M.'^) in 
the case of the classical Fourier transform on K''. Then from [11] there exists 
a parametrix for ^Vk{S), that is, there exist Vo in f (M'^) and ipo in I>(M'^) such 
that 

6^ Vfc(5)*Vo + T^o- (6-25) 

As the operator *14 is a topological isomorphism from £'{M.'^) onto itself, we 
deduce from (6.25) and (3.17) that 

S='V,{S)*W,{X-\Vo))+'V,{X-\T^,)). 

Thus 

6= 'VkiS)* Vfc(V)+ '14(T^^J. (6.26) 

with 

V(Vo)=V, and %-\^o) = i^. 

The distribution V and the fimction tp belong respectively to f (M'') and ©(M''). 
On the other hand from Proposition 5.2 we have 

X{S*dV)= *14(5)* Vfc(V). 

Thus the relation (6.26) can also be written in the form 

But 

%-\S) = 5. 

Thus 

6 = S *dV + T^LUk ■ 

Theorem 6.1. We assume that the distribution S in £'{R'^) is such that Z = 
{z e C*, Td{S){z) = 0} is infinite. The following assertions are equivalent. 

i) S is hypoelliptic. 

ii) S satisfies the i?-properties. 

iii) There exists a parametrix for S, that is, there exist V in £'{W^) and ip in 
V{W^) such that S = S*dV + T^^^ . 

Proof 

From Propositions 6.1 and 6.2 it suffices to prove that iii) => i). Assume 
that the distribution U is in ©'(M'') and that S*dU is given by a function /wfe, 
with / in S{W^). 
Prom iii) we have 

5 = S *dV + T^uik^ 
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with V in £'{R'^) and tp in V{R'^). 
Thus 

U = U *D 5 

= U*d{S*dV + T^^J. 

Using the commutativity and the associativity of the Dunkl convolution product 
of distributions in £'{M.'^), we obtain 

By applying (5.39) we obtain 

But from Theorem 5.1 the function V *d f + 1^ *d ''P belongs to £{R'^). 
Thus S is hypoelliptic. 
Example 6.1. 

We suppose that d> 2 and we consider the equation 

AkU = V, 

U and V are distributions in 2?'(]R''). We say that the Dunkl Laplacian is 
hypoelliptic if all solution is given by a function /wfc with / in £{W^) whenever 
V is given by a function gujk with g in f (M"^). As we have 

AkU={AkS) *dU, 

where 6 is the Dirac distribution on R*^. 

Then the hypoellipticity of is equivalent to the hypoellipticity of the distri- 
bution Afe(5 in f (M'') given by 

(Afe,5, ^) - {6, Afe^) = Afe^(o), ^ G £{R''). 

The relation (2.8) implies that 

d 

yz e J'D{AkS){z) =Y.z]. (6.27) 

i) Prom (6.27) we deduce that 

Va;eK^ TD{AkS){x) = \\xf. 
Thus for ||a;|| > 1 we have 

\Td{Au6){x)\ > \\x\\-\ (6.28) 

ii) The relation (6.27) implies also that 

Z = {z€ C^, J^DiAk6){z) = 0} = {{x,y) € R-^xR"^; \\x\\ = \\y\\ and{x,y) = 0.} 
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Thus 




I \Imz 




= +00. 



(6.29) 



Log\\z\\ 



The relations (6. 28), (6. 29) show that the distribution AkS satisfies the H- 
property. Thus Theorem 6.1 implies that the distribution A^S is hypoelliptic. 
The Dunkl Laplacian is then hypoelliptic. This result was first proved in |17| 
by another method. 
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